The Hilbert-Schmidt operator formulation of non-commutative quantum mechanics in 2D Moyal plane is shown to allow one to construct Schwinger's SU(2) generators. Using this the SU(2) symmetry aspect of both commutative and non-commutative harmonic oscillator are studied and compared. Particularly, in the non-commutative case we demonstrate the existence of a critical point in the parameter space of mass(µ) and angular frequency(ω) where there is a manifest SU(2) symmetry for a unphysical harmonic oscillator Hamiltonian built out of commuting (unphysical yet covariantly transforming under SU(2)) position like observable. The existence of this critical point is shown to be a novel aspect in non-commutative harmonic oscillator, which is exploited to obtain the spectrum and the observable mass (µ) and angular frequency (ω) parameters of the physical oscillator-which is generically different from the bare parameters occurring in the Hamiltonian. Finally, we show that a Zeeman term in the Hamiltonian of non-commutative physical harmonic oscillator, is solely responsible for both SU(2) and time reversal symmetry breaking.
I Introduction
It has been realized some time back that the localization of an event in space-time with arbitrary accuracy is not possible [1] . This idea was also corroborated by considering certain low energy implication in string theory [2] . Ever since then there have been an upsurge of literature involving formulation of quantum mechanics and quantum field theory in these kind of spaces where space-time coordinates are upgraded to the level of operators satisfying non-vanishing commutator algebra. The simplest of such quantized space-time is of Moyal type and the corresponding commutator algebra is given by the following [x µ ,x ν ] = iθ µν . Generally, quantum mechanics and quantum field theory in such space-time are investigated by demoting operator valued coordinate to c-numbers, at the price of replacing point-wise multiplication of fields by star multiplication [3] . However the star operation is not unique and can give rise to inequivalent physical consequences [4, 5] . It is therefore desirable to start with the formulation of quantum mechanics itself at completely operatorial level, so that one can formulate second quantization and eventually construct quantum field theory at a completely operatorial level. Indeed, such an attempt was made in [6] ,albeit in a nonrelativistic framework using the so called Hilbert-Schmidt operator which was initiated in [7, 8] , with the operator valued space coordinates were taken to correspond to the Moyal-plane satisfying
and time was taken to be c-number variable. Clearly, the representation of this coordinate algebra (1) is furnished by a Hilbert space isomorphic to the quantum Hilbert space of 1-d harmonic oscillator and we refer to this space as classical Hilbert space(H c ), which is nothing but boson Fock space
(2)
is the lowering operating annihilating the ground stateb|0 = 0 and [b,b † ] = 1. This classical Hilbert space is supposed to replace 2-d plane in the commutative quantum mechanics. The corresponding quantum Hilbert space is then identified with the space of Hilbert-Schmidt operators, which are essentially trace-class bounded set of operators acting on H c . Denoting the elements of quantum Hilbert space by |ψ) we can write
where subscript 'c' refers to the trace over classical Hilbert space. This norm is related to the inner product in this H q , which is defined as (φ|ψ) = T r c (φ
for |φ), |ψ) ∈ H q . Using this operator formulation, the authors in [8] have obtained the exact spectrum of non-commutative harmonic oscillator. 1 It is however not clear how the different basis states in H c (2) responds to canonical (symplectic) transformation Sp(4,R). A related issue is the nature of ground state for the non-commutative harmonic oscillator and its relation to the vacuum state |0 0| ∈ H q . Particularly, since the Hamiltonian of the harmonic oscillator has two independent parameter, viz mass µ and angular frequency ω having the dimension of length-inverse, it is expected that there will be some favoured value of these parameters where |0 0| will also correspond to the ground state of non-commutative harmonic oscillator. Furthermore, since a 2D isotropic oscillator Hamiltonian in the commutative plane can have a manifest SO(4) symmetry(after appropriate scaling of phase -space variables), it will be interesting to study the presence/absence of such a symmetry for the corresponding non-commutative harmonic oscillator. Further, since the Euclidean Lorentz group SO(4) splits in to SU (2) ⊗ SU (2) we can focus our attention to one of the SU(2) group itself, where each generator generates simultaneous SO(2) rotations in a pair of two orthogonal planes. Given that the non-commutative coordinates in higher dimension, say, in three dimension fail to transform covariantly under SO(3) rotation [14] , in contrast to the commuting position like operatorX
being the left/right actions, defined more precisely in the next section), it becomes imperative to check the same in this 2D case also under the SU(2) generators constructed a la Schwinger by using the fact that H q can be basically identified with H c ⊗H c (H c indicates dual space), although bothX i andX c i transform covariantly under SO(2) rotation in Moyal plane. Furthermore the spectrum of the non-commutative harmonic oscillator as was obtained in [8] is written in terms of "bare" parameters µ and ω occurring in the Hamiltonian and the corresponding observables parameters were not identified. In this paper we try to identify the observable parameters and try to compare with the corresponding commuting harmonic oscillator in regard to the preservation of Schwinger's SU(2) symmetry and also the time reversal symmetry.
The plan of the paper is as follows. In the next section (II) we briefly review how the representations of position and momentum operators acting on H q (4) and satisfying non-commutative Heisenberg algebra can be obtained. In section III we construct Schwinger's SU(2) generators for both commutative and non-commutative plane in 2D and identify the commutative "position-like" coordinates transforming covariantly under SU (2) . We then consider the commutative harmonic oscillator and write its Hamiltonian in a manifestly SU(2) invariant form and obtain its spectrum in section IV. In the following section V, we consider the non-commutative oscillator and investigate the role of SU(2) symmetry in obtaining the spectrum. We then discuss the time-reversal symmetry in section VI. Finally we conclude in section VII.
II Representation of Non-commutative Heisenberg algebra in 2-D
Having introduced classical and quantum Hilbert spaces (2, 4) in the previous section, we now discuss briefly following [7, 8] , about the representation of non-commutative Heisenberg algebra. IfX i andP i are the representations of the operatorsx i and the conjugate momentum respectively acting on H q , then a unitary representation is obtained by the following action: 
It can be checked easily that the right action satisfies
The corresponding right actions of annihilation operator is introduced in an analogous manner:
so that for any ψ ∈ H q , one definesB L ψ =Bψ andB R ψ = ψB and similarly forB ‡ L/R , whereB is the representation ofb (3) acting on H q and is given byB = 1 √ 2θ
(X 1 + iX 2 ). Note that we are using † and ‡ to denote Hermitian conjugation over H c and H q respectively.
III Angular momentum
We are now going to study angular momentum using Schwinger's representation. First we will discuss angular momentum operators in commutative 2D case with the help of two decoupled simple harmonic oscillators. Then we will move to non-commutative case where we will see how the roles of angular momentum operators gets interchanged with the operators in commutative case.
III.1 Schwinger's representation of Angular momentum
Schwinger introduced a method to express a general angular momentum in quantum mechanics in terms of the creation (â † α ) and annihilation (â α ) operators of a pair of independent harmonic oscillators satisfying:
With the help of these operators the number operatorN and angular momentum operatorˆ J is defined as follows:N =â † αâα
with σ being our usual Pauli matrices.
III.2 Role of Angular momentum operators in commutative 2-D plane
In the commutative case let us choose our basis for a pair of decoupled harmonic oscillators which can be regarded as |m ⊗ |n ∈ H c ⊗ H c . We define the creation operatorsâ
This can be identified with the 2D harmonic oscillator on a commutative plane. We can then write the 4D phase space variables in terms of the respective ladder operators as:
Now we perform following canonical transformation which would preserve the commutation relation [X α ,P β ] = iδ αβ :P
With this our Hamiltonian becomesĤ = , which clearly enjoys SO(4) symmetry in the 4D phase space. To understand the action of the Schwinger's angular momentum operators (13) let us calculate the following commutation relations:
From the above relations we can conclude thatĴ 3 generates simultaneous SO(2) rotation in x 1 p 1 and x 2 p 2 planes. Like-wise in case ofĴ 1 the rotation occurs in x 1 p 2 and x 2 p 1 planes, where as forĴ 2 the rotation occurs in x 1 x 2 and p 1 p 2 planes. This is however a part of the SO(4) symmetry only, as the SU (2) symmetry generated by thisˆ J's corresponds to one of the su(2)'s in the decomposition of so(4) Lie algebra as su(2) ⊕ su (2) . To get the other su(2), one has to just flip the sign of one of the momenta components, say of p 2 .
III.3 Schwinger's Angular momentum operators in non-commutative 2-D plane
As we have discussed in section-1, the quantum Hilbert space(4) comprises of Hilbert-Schmidt operators, and therefore any generic Hilbert-Schmidt operator can be written as:
The H q can be identified with H c ⊗H c , whereH c is the dual of H c . Since, there is a one-to-one map between the basis |m ⊗ |n and |m ⊗ n|, the Hilbert spaces, span{|m ⊗ |n }=H c ⊗ H c and H q (4) are isomorphic. In order to obtain the angular momentum operators acting on H q i.e the counterpart of the expressions in (13), let us replaceâ 1 withB L andâ † 2 (and notâ 2 ) withB R and their respective Hermitian conjugates. Here the operatorŝ B L/R andB ‡ L/R are the operators on quantum Hilbert space H q such thatB L =b ⊗ 1 andB R = 1 ⊗b R (9). Hence we get:
Clearly they satisfy the su(2) algebra
in whichĴ 3 satisfies the eigen-value equation:
and the corresponding Casimir operator
satisfying following eigen-value equation:
These pair of eigen-values j 3 (25) and j(j +1)(26) are exactly identical to the ones in (15) and (16). This suggests that both the basis states m ⊗ n ∈ H c ⊗ H c and m, n ≡ m ⊗ n ∈ H c ⊗H c can be labeled alternatively as j, j 3 = m, n where j = 1 2 (m + n) and
. This is illustrated in following diagram(figure 1). We see from the diagram that all the discrete points with integer-valued coordinates (m, n) with m, n ≥ 0 in the first quadrant represent a basis element |m, n) ≡ |m n| of the Hilbert space of states H q . Hence we find that the Hilbert space gets split up into states of constant j value lying on the straight line running parallel to j 3 axis e.g. j = 1 2 line, j = 1 line and so on, and j 3 takes values within the interval −j ≤ j 3 ≤ j We can then construct the usual ladder operatorsĴ ± =Ĵ 1 ± iĴ 2 , connecting all states belonging to fixed ′ j ′ subspace of (2j + 1) dimension and the extremal points are annihilated byĴ ± . This is just what happens in usual quantum mechanics. We can now express the position and momentum operators in terms ofB L ,B ‡ L ,B R andB ‡ R . By making use of equation (6), the definitionB
) [5] and its Hermitian conjugate, and the adjoint action of momenta (6) we get:
Further, the commuting coordinates [5] introduced aŝ
, can be expressed like-wise as:
To see the similarity of the action of Schwinger's angular momentum operators with their commutative counterpart(20-22), we first perform following canonical transformation, to construct dimensionless phase space variables:
Then we calculate following commutation relations:
[
Here we have introducedp 
Again like the commutative case this is also a part of SO(4) rotation in X c 1 , X c 2 , P 1 , P 2 space, asĴ N C 's corresponds to only one of the su(2)'s of so(4) = su(2) ⊕ su (2) . In either case, this is just reminiscent of the splitting of the SL(2,C) algebra by taking suitable combinations of spatial rotations with Lorentz boost in 3 + 1 dimensional Minkowski space-time, and SL(2,C) happens to be just the double cover of the Lorentz group SO(3,1),whose Euclidean version is the spin group Spin(4), which is the double cover of SO(4). Now we can obtain the rotation matrix for finite rotation R i (λ i ) generated byĴ i in the 4D phase space by using above commutation relations (36-38) which is implemented by the following unitary transformation
where the 4-component column matrix Ξ comprises of phase space variables and is given by:
The matrix representations of the corresponding generators in the 4-dimensional representation are given bŷ
. This yieldŝ 
The corresponding Casimir operator is then given by:
indicating that this corresponds to spin 1 2 representation of SU (2) ⊂ SO(4), which looks odd from a naive consideration, where it appears to be j = 3 2 representation as the dimensionality is 2j+1=4. This is however easily explained by fact that theĴ ′ s are making simultaneous rotation in two different orthogonal planes through j = As has been shown in [14] , that in 3D Moyal space also, it is onlyX c i that transform covariantly under SO(3) rotation, althoughX c i does not correspond to any physical observable [5] . Further, as we shall see later that this is also true for Bogoliubov transformation, where it undergoes simple scaling transformation and plays a very important role in our analysis, despite being an unphysical observable [5] .
IV Simple Harmonic Oscillator in commutative plane
In commutative (θ = 0) case the Hamiltonian is given by(17):
Using the form of position and momentum operators in terms of ladder operators (18-19), we get following result:ˆ
so that our Hamiltonian (44) becomes:Ĥ
which is clearly SU(2) invariant as it commutes with angular momentum operatorsĴ i (13). Using our most general state |m ⊗ |n , we get following spectrum:
which was expected as our state |m ⊗ |n corresponds to pair of simple harmonic oscillator (one ket for each SHO), and the energy of any SHO, say |m is ω m + 1 2 . SU(2) invariance of the Hamiltonian is also evident from above as spectrum is given by E(j, j 3 ) = ω(2j + 1) and is independent of j 3 and (2j+1) being the dimensionality of j-th subspace.
V Simple Harmonic oscillator in non-commutative plane
Here we shall first analyze the unphysical Hamiltonian of simple harmonic oscillator involving the commuting coordinatesX c i [5] , which is shown to yield the same spectrum as in the commutative case(48). This will then pave the way to analyze the physical oscillator involving non-commuting operators.
V.1 Unphysical SHO involving (X c i )
Let us first construct following quadratic form:
which can be regarded formally as a Hamiltonian of a harmonic oscillator with particular choices of mass and angular frequency parameters. But since it involvesX i c (32), which is just a mathematically constructed commuting observable and is devoid of any physical interpretation [5] , this oscillator is really unphysical in nature. Now using canonical transformation (35) above Hamiltonian becomes:
which is manifestly invariant under one of the SU(2) symmetry group in the decomposition of SO (4) i.e SO(4) = SU (2) ⊗ SU (2) analogous to commuting case. 2 This is evident from commutation relations (36-38) and unitary transformation (40). Then (using 30-34), one gets
2 Actually, it is invariant under the entire SO(4) group itself; the other SU(2) symmetry is realized by flipping the sign of one of the momenta component say ofp 2 , as was observed earlier. In our present analysis, we shall not make use of this second SU(2). We shall therefore continue to refer to the first SU(2) symmetry only.
so that our Hamiltonian (50) becomes:
Hence for a general basis state |m n| we get following spectrum:
and the spectrum can be read-off easily, yielding just (2j + 1). We then consider following Hamiltonian, which is a slight variant for the non-physical planar harmonic oscillator(49), by introducing mass (µ) and angular frequency (ω):
Naively we expect that this Hamiltonian to be equivalent toĤ I (44), however this is not the case because there is a major difference in the construction of actually commuting (44) and mathematically constructed commutinĝ X c i coordinates. The annihilation operators a 1 and a 2 occurring in(18) act on the left and right slots separately, annihilating the vacuum |0 ⊗ |0 . In this case we can define creation and annihilation operators in an analogous manner to(18 and 19) as:
which, however involvesX c i andP i acting simultaneously in the left and right slots. One can see that the relevant ground state here i.e. |0 ⊗ 0| is annihilated by C i only under a special choice of parameters µ and ω, which we call as a critical point :
Also we notice that at this critical pointĤ 2 (55) reduces toĤ 1 (49), up to an overall constant:Ĥ 2 = 1 √ θĤ 1 and furthermore, the ladder operatorsĈ i andĈ † i (56) reduce to the following linear combination of operatorsB L andB ‡
It is therefore interesting to see how our Hamiltonian(55) behaves under above condition(57). We find that:
so that its action on |m, n) ≡ |m n| ≡ |j, j 3 ) giveŝ
yielding the spectrum as
matching with the spectrum of commutative case(48), as was expected. It should be mentioned here that the contrasting situation in the non-commutative context from the commutative case discussed in the previous section becomes clear here. The mass and frequency parameter µ and ω requires to be compatible with each other, as in (57) and also with the natural mass scale introduced by (
Now in order to calculate the spectrum of the HamiltonianĤ 2 (55) for arbitrary value of parameters µ and ω, we write it in following form by using(51-52): 
For diagonalizing the Hamiltonian, let us set the coefficient of the non diagonal term zero i.e.
[β cosh
which gives coth φ + tanh φ = 2α β (66) and the Hamiltonian becomes:
We can now determine the spectrum easily by acting above Hamiltonian on an appropriate basis |m ′ n| ′ which is related to older basis |m n| by a unitary transformation, as we will show later. Now we proceed to show that the Bogoliubov transformation used above is equivalent to a certain canonical transformation. To achieve this we expand the ladder operators in matrix equation(64) in terms of position operators acting from left and right to get the following set of equations:
which when re-expressed in terms ofX c i (32) andP i (6), takes the following simple form:
Clearly, this is a canonical transformation in the (X c i ,P j ) space, whereX c i 's are scaled andP i 's are de-scaled. The scaling factor e φ can be determined easily by solving the quadratic equation in tanh φ(66). The two roots are evidently reciprocal to each other and choosing one smaller than unity yields the value
Putting back the value of α and β we finally get:
which clearly reduces to unity at the critical point(57). This has some points of contact with the Eq.(18) in [9] . It can be easily checked that under this scaling transformation, the spatial non-commutative parameter preserves its value:
It is interesting to note here that the canonical relation(69) is equivalent to following unitary transformation:
and the basis states in H q undergo following transformation:
Hence instead of doing Bogoliubov transformation, we could have equivalently done the canonical transformation(69) to re-write the Hamiltonian(55) in a manifestly SU(2) invariant form in the primed frame as:
We can check that the coefficient of Hamiltonian(67) is indeed ω, by using the values of tanh φ, α and β so that one gets the spectrum of the same form(61) with replacement ω 0 → ω:
This demonstrates that SU (2) symmetry is preserved even at a point away from the critical point (57) in the µ − ω plane. As we shall show in the next sub-section that this SU (2) symmetry will, however, be broken in the physical oscillator, where unphysical commuting " position -like" observableX c i in (55) will be replaced by the physical non-commuting position operatorX i in the Hamiltonian below (77).
V.2 Physical SHO involving non-commuting coordinates
Let us finally consider the Hamiltonian for the physical simple harmonic oscillator involving non-commuting position operators:
Using(32), this can be re-expressed as:
which can be brought to the same form asĤ 2 (55), up to a Zeeman term as:
with re-normalized parameters µ ′ and ω ′ , satisfying µω 2 = µ ′ ω ′ 2 , are given by:
The presence of Zeeman term however, breaks its SU(2) symmetry to U(1), as the Hamiltonian does not commute with angular momentum operatorsĴ 1 andĴ 2 anymore. But the Hamiltonian is still symmetric under rotation generated byĴ 3 . Now we can again do the same canonical transformation(69), with new parameters µ ′ and ω ′ satisfying
and keeping in mind thatĴ 3 = ǫ ijX c iP j remains unaffected under this transformation, to get:
The corresponding spectrum can be easily read as
The presence of j 3 -dependent term is clearly due to the presence of the SU (2)-symmetry breaking Zeeman term in in (79). The occurrence of these renormalised parameters ω ′ and µ ′ in the spectrum (83) indicates that these parameters, rather than their 'bare' counterparts ω and µ occurring in (77), are the observable quantities of the theory. Indeed, it can be easily checked, using that for µ ′ and ω ′ at the critical point (57) 
, the corresponding bare mass diverges µ → ∞ and frequency ω → 0. Nevertheless, in order to establish compatibility with [8] , it is desirable to express (82) in terms of the bare quantities µ and ω. Using the definition of µ ′ and ω ′ (80), we can easily write above Hamiltonian (82) as:
where λ + and λ − are given by:
This clearly reproduces spectrum of [8] calculated using a different approach. We therefore turn our attention now towards the determination of the ground state. To begin with, let us note that, unlike in the commutative case, where the ground |0 ⊗ |0 is annihilated by operatorsâ i withâ 1 andâ 2 annihilating the ground states |0 occurring in the left and right sectors respectively in |0 ⊗ |0 , in the non-commutative case the corresponding ground state |0 0| is not annihilated by operatorsĈ i (56) except at the critical point(57). Besides, the form of C i (58) at the critical point (57) clearly indicates that theseĈ i 's have simultaneous actions on both the slots. Indeed, the analogous expressions for the commutative case will be combinations
(â 1 −â 2 ) respectively. But away from the critical point (57) i.e. for general values of µ and ω there must exist another ground state |0 ′ 0| ′ , related to the older one as in (74), which should be annihilated by a transformedĈ
whereĈ ′ i is defined analogously as in (58)
which are clearly not independent of each other, as they are related by Hermitian conjugation. One can easily see at this stage that either of these equations are trivially satisfied by making use of (73,74,86). But, before going ahead with the straightforward computation of |0 ′ 0| ′ and compare with the normalised version of the ground state obtained in [8] , we would like to point out certain exact parallel between the approach followed here with [8] . To that end, note that, using these equations (88) and making use of (64) we get
and its Hermitian conjugate. Then using (81) and the counterpart of (70) i.e tanh φ =
, where α ′ and β ′ defined analogously as in (63), with the replacements µ → µ ′ and ω → ω ′ , yielding
just from the first equation in (88). As expected, the second equation of (88) yields the Hermitian conjugate of (90) and these pair of equations exactly reproduces the defining equations (62 , 64) of ref [8] . One can then proceed analogously, as in [8] to get the normalized version of the ground state as
where
so that (ψ 0 |ψ 0 ) = 1 cosh 2 φ T r c (e
Here, we have made use of the identities
Now expanding (91), using the complete set of basis ∞ m=0 |m m| = 1, as
we can easily see that the Taylor's expansion of tanh φ , sechφ and their product exactly reproduces (86)
Finally, note that the sign alternates from one term to another, because of the presence of the factor (−1) m in ψ 0 in (95) and therefore cannot be interpreted as a mixed density matrix, from the perspective of classical Hilbert space H c (2).
VI Time reversal
We proceed to check how the HamiltonianĤ 3 , defined through (82), behaves under time reversal. Using the defination ofX under time reversal can be obtained ΘX
where Θ is the time reversal operator. Similarly, we obtain the transformation property ofX R i under time reversal to be ΘX
Further, we proceed to check the transformation property ofB L/R (defined in section II)
So that the HamiltonianĤ 3 (77) and angular momentumĴ 3 , under time reversal transform to
This clearly indicates that time reversal symmetry is broken and that the Zeeman term is solely responsible for breaking the both SU(2) and time reversal symmetry.
VII Conclusion
The tensor product structure of the quantum Hilbert space H q as H c ⊗H c is exploited to construct Schwinger angular momentum operators, under which the commuting position like operatorX c i 's are shown to transform covariantly as happens in 3-d case [14] . A non-physical planar harmonic oscillator is constructed out of the above mentioned commuting position like operator. The ground state of this harmonic oscillator is then shown to coincide with the ground state |0 0| of H q only for a particular choice of the parameters mass (µ) and angular frequency (ω) which we refer to be critical point in µ − ω plane. Furthermore, the Hamiltonian is shown to be manifestly SU(2) invariant only at this critical point. For the parameters value away from the critical point a canonical transformation (scaling) is required. This is shown to arise naturally by carrying out a Bogoliubov transformation. The corresponding ground state is then obtained by a dilatation operator implemented through a unitary transformation. Finally, the physical Hamiltonian involving non-commutative position operators is constructed. It is shown to be of the same form as that of the unphysical oscillator mentioned above, except that a new Zeeman term involvingĴ 3 pops up. With this both mass and angular frequency parameter undergoes renormalisation, which are eventually identified with physical mass and angular frequency. The presence of Zeeman term is therefore shown to be solely responsible for violating both SU(2) and time reversal symmetry [8] .
